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Extremality and the Global Markov Property II:
The Global Markov Property for Non-FKG
Maximal Gibbs Measures

Boguslaw Zegarlinski!-
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We give a condition on a Gibbs measure for an attractive Markov specification,
which assures extremality and the global Markov property. As an example of
application we consider the class of attractive Markov specifications defined on
a compact configuration space over a two-dimensional lattice by the interaction
Hamiltonians (assumed to have a finite set of periodic ground configurations)
satisfying Peierl’s condition. We prove that each extremal Gibbs measure for
such a specification, at sufficiently low temperature, has the global Markov

property.

KEY WORDS: Lattice spin systems with attractive force; multiphase region;
Gibbs measures; extremality; Markov property.

INTRODUCTION

In the author’s paper,'? the criteria on the Gibbs measures for extremality
and the global Markov property have been given in the case of attractive
Markov local specifications on a lattice with arbitrary single-spin state
space. Using one of these criteria, the global Markov property has been
proven for FKG-maximal Gibbs measures, which define the Euclidean field
theories on a lattice.

In the present paper (on the basis of the ideas of'?’) we formulate
another natural criterion for (extremality and) the global Markov
property, which gives the possibility of proving the global Markov
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property also for non-FKG-maximal Gibbs measures (for a Markov
attractive specification). We apply this criterion to the systems with attrac-
tive short range interactions which fulfil Peierl’s condition®>"%1% on a
two-dimensional lattice. We show that in sufficiently low temperature the
non-FKG-maximal Gibbs measures (which exist if temperature is suf-
ficiently close to zero) also have the global Markov property. It is expected
that the method of proof used in the example can be applicable in the
important case of Euclidean fields on a lattice at low temperature regions,
when the phase transitions can occur, since the theory of the works 57819
for Euclidean ficlds exists (sece Imbrie, Ref. 25 in Ref. 11).

The organization of the paper is as follows: In Section 1 we give the
abstract formulation of our criterion for any attractive and Markov
specification on a lattice with arbitrary single-spin state space. In Sections 2
and 3 we apply the example to the class of systems of finite spins on a two-
dimensional lattice.

1. Let L be a countable set, # the family of its finite subsets, and %,
a countable base of &, ie.,

go::'{AnegaHEN:AnCAni—l’UAn:U—} (1)

For A<l we write A°=1\A4. To each point i€l we associate a set
d{i}° = L of the nearest neighbors of i. We define the boundary 94 of a set
A<l by

A :=(eA: A NI} # D) (2)

For any iel, let (Y;, %) be a Borel set Y,=R with the ¢ algebra %, of
Borel subsets of Y.

Let (2,2):= X, (Y:, %). For Q<L by X, we denote the ¢ algebra
generated by the sets of the form X;. 4 A; X X;c 4 Y}, where A€ ¥, A<,
and A;e %, By definition, 2’ =2 . The ¢ algebra at infinity is defined by

Xo=) 24 (3)
Ae ¥

For Q<=L and we £, the restriction of w to Q is w, = {w, ieQ}.
On (2,2) we have natural measurable, directed upward and
downward order <{ defined as follows

w,we2ow =Viel o, <w; (4)

We define
(0 A ®),; :=min(w,, w;); (0 v ), :=max(w;, ®]) (5)
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We say that a function F: Q - R is increasing if
o< w=Fw)Fo') (6)

For Acl, s/, (respectively, /1) denotes the set of bounded X,
measurable (and increasing, respectively) functions. If 4 =1 the superscript
A will be omitted. We distinguish the subsets of nonnegative functions by
adding + as a superscript to the sets of functions comnsidered (e.g.,
o5, AT

By .# we denote the set of probability measures on (£2, 2). For ue.#
and a measurable function F, by p(F) or simply uF we denote the expec-
tation value of F with a measure u. The conditional expectation of F with
respect to a o algebra 2’ < X, associated to a measure p € .#, is denoted by
E,(F|2'). For F, Ge L,(u) we write

W(F, G) = u(F G)— u(F) w(G) (7)

From our assumptions about the order < it follows (see, e.g., [91)
that 4 /1, (and so Uy, &/1,") is a determining class for .Z, ie., for any
U p'e# and 1e ¥

VFedly wF)=p(F)=pls,=u s, (8)
Hence, two measures given as the limits of sequences of measures indexed
by Ae ¥, p:=limgy p, and p' :=lim, p, are equal if for any Felj, 4]

{or Ug A7) we have

lim |p, F— iy F =0 (8)

In the set .# we define the FKG order by
p<prg H = VFed  u(F)<u'(F) 9)
For pe ., if
VAe ¥ VFe o, E (F| X ) e oy (10)
we say that p has the local Markov property, and if
YOl  VFes, EJF|Zy)edsp (11)

we say that g has the global Markov property and we write ue GMP. The
global Markov property implies the local one, but the converse is not true
in general (see, e.g., Ref 4 and 11).
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A local specification®” is a family & := {E ;.} ;. &, which consists of
functions
EwmQx2—[01] (12)

such that

(i) VAe#, Yoe, E4( )e # and the restriction of this measure to 2
coincides with the point measure J,,

(il) VAe¥ VFed E(F)e oy
(iii) The compatibility condition

Ay, e FiAdycAy=EE =Ey (13)

A Tlocal specification & = {E 1.} 4. o is called attractive, if

YAe¥  VFesd' E(F)ed’ (14)
or, equivalently

Yo, w' e 2 00 = EY% <pgg E9 (14")
Markov, if

VAde ¥ VFe s, E (F)e sty (15)

The set of Gibbs measures for & is defined by
G(&):={ue M:NAe L UE o= u} (16)

The set of its extremal points (i.e., the set of these Gibbs measures for &,
which cannot be represented as a convex linear combination of other
elements from G(&£)) is denoted by 0G(&).

If € is attractive, then for u, jie G(&) such that

u=tmu'E, and  f=lim p"E . (17)
£, ZLo

for some u', u" e H#, p <exg " we have
B Sy L (18)
In the special case u' =4, u" =084 with w, ®e 2, v <X ® we have
E® <gxo E% and so lgn E® <pxg lim ES, (19)

If, moreover, & is compact on (£, 2) in the sense (see, e.g., Ref. 1) that for
each weQ, {E%}, . is compact and G(&) is compact (in the weak
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topology in .#), or more generally, & is compact with respect to some
M = M in the sense that for each ue.#, {uE .}, .4 is compact and
G(&)n A is compact (in the relative topology in .#Z), then, under the
additional assumption in the second case, that
v ’ " E ! " ’ "
u,u'e Ml Ju Au’,pvued 20)
oA p Spxe s B <pkg p' V1

there exist unique FKG-maximal measures u*, u~ € G(&), ie.
Ve G(&) (respectively, Yue G(&) N A ) t- S<pkG b Srke 44 (21)

(Let us note that if 3y, , u_ € G(€) FKG-maximal then G(&) is compact.)

If & is Markov then, from definitions (10) and (15), any g€ G(&) has
the local Markov property, but it can happen that u¢ GMP.“!V 1t is
known (see, e.g., Ref 12) that for & compact attractive and Markov we
have for FKG-maximal measures p ., 4_ € G(&) that

p.,p_eGMP (22)

We now formulate a condition which gives ue G(&) " GMP for & com-
pact, attractive, and Markov also for non-FKG-maximal Gibbs measures.
In Section 3 we give the examples for our results, namely, that there
are Gibbs measures extremal and #pu, which have the global Markov
property.
With the above notations and definitions we have

Proposition 1. Let & be an attractive specification on a standard
Borel space (£2,2) with a partial (measurable, directed upward and
downward) order <. Let e G(&).

If there exists w? e L, such that

lim pE9Y @ =lim pEs, @° (23)
2, %,

{where o is the integration variable) then
ueIG(&)
and if & is Markov then
ue GMP O

Remarks. In the proof we do not use any other special features of an
order <{ besides those mentioned in the formulation of Proposition 1. We
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also do not use explicitly L as a lattice. What we need only is the possibility
of restriction to a subset of L and “patching together” two configurations
from Q. Note also that the compactness is not used in above proposition.
The condition (23) is the condition on a Gibbs measure.

This proposition is the corollary from Ref. 12, Proposition 2; however,
for the reader’s convenience, we write the full proof in the case under con-
sideration.

Proof. (Extremality) For any Fe./' and for each we £ we have
(from attractivity of &)

E4» ' (F) < EYUF) < B3> ' (24)
and

B4 (F) < E4F) < B ' (F) (25)
Hence

lim p | EG(F) = EG(F)| < lim p[EG S(F)—E4 "(F)1=0  (26)

so there is a subsequence ¥, — %, such that

lim £ (F) = lim E2(F) = u(F) (27)
2, 2,

for p-a.a., we Q.
Because ! determines .#,

lim E%. = p, u-a.e. (28)

4

o

which is the necessary and sufficient condition for pedG(&) (see, e.g.,
Refs. 2, and 9).

The proof of the global Markov property (GMP) is based on the
following simple lemma, which is proven.®

Lemma 1. Let, for any Qcl, 4el, and w°eQ

Howeal) = UELGR() (29)
If for any Q< L
lim g o, = pt (30)
ZLy

then
ue GMP O
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To continue the proof of GMP: For any Fe &/, 1 Ae ¥ we have
towaF'= F’AQ?&?(F )= REGE 2 o (F) (31)

(where explicitly indicated the variables of integration w and w’).
From the attractivity and the compatibility condition of & we have

E(Zc/\ wo(F) EwAwEa)th(w/\w )Q(F) EwAw()EwQ(xw (F)

(An Oy (An QY
<ES. E&Q;‘Q“;g(F) < ESY “°(F) (32)
Hence, using (23) and the fact that |, 7], determines, .# we obtain

lim pg o4 = 1 (33)
Zo

for any Q < L, which together with Lemma 1 gives
uwe GMP O

Remark. The condition (23) is fulfilled for FKG-maximal Gibbs
measures (see Appendix). Note, that under the conditions Jw’e Q2

(i) u=1lim E%
Lo

(ii) p=lUm uEs> " or = hm pEey @
Zp

one can prove extremality (see Appendix), but not GMP (without any
additional condition on w® as, for example, in Ref. 12, Proposition 1). O

Condition (23) reflects the idea of the existence of a ground con-
figuration ®° of the infinite system in the state of thermodynamical
balance.!'” If we have a system in a pure phase at sufficiently low tem-
perature, then all its typical configurations  fluctuate around w° and can
differ considerably from w? only in the regions (islands) of small diameters,
so w A w, and v @’ are also typical configurations (for almost all w) for
a system in the same pure phase. (In the high temperature region we have
rapid decay of correlations and so weak dependence of the state of a sub-
system in a finite volume from the outside configurations of the rest of the
system. Condition (23) can also be fulfilled in this case.)

In practice, we construct a Gibbs measure as the limit of a sequence of
the measures E%. for some ground configuration w°. Moreover, it is fre-
quently possible to prove the uniform in volume A € % cluster property for
measures E%..
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We use the above facts in order to give an example of application of
the criterion formulated in Proposition 1.

2. Let L have a metric d(-, -). We denote diam A :=sup, ., d(x, »).
Let dp e # be a free measure defined by

dp = dp, (34)
iel
where dp; are the probability measures on (Y, %), iel. For any A < let
dp 4= & dp; (35)
ied

be the corresponding probability measure on X, (Y;, %,).
Let ¢ := {#x} xe », Where ¢ are X', measurable real functions, be an
interaction potential. We will assume that ¢ is of finite range, i.e.

dr,, 1<r,<® if diam X>r,, then ¢, =0 (36)

We also assume that ¢, € .o/, and define

Il :==sup 3 ligxllo (37)

iel xe 2
ie X
Let for A1 .&
Ugow):= 3  ¢xlo) (38)

Xe¥
XA+

We define the local specifications &= {E ;} 4. & by
fdPA(eAﬁUA')
Tdo (e 77%)

where feR™ and 6 | 5. is the restriction of point measures d; to 2 .
If we define the set of nearest neighbors d{i} of ie L by

o{it = {jel:d(, j)<r,} (40)

o) =045, [ (39)

then we have from definitions (2) and (15) that & given by (39) are
Markov.
If ¢ 1s an attractive potential, i.e.

Vo,deQ VXe& dyov @)+od oA d)<dy(w)+d (D) (41)

then & is attractive.®”)
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From now on we restrict ourselves to L=27% d(i j)=(]i"—j'| +
li?— j*|). We assume that £, consists of Ae.# for which [84¢| =
0(14]'*)=0[d(0, 84¢)] (where | X| means the number of points in X € #).
For Fes,, Gesd,, we denote d(F,G)=d(A,, A;)=1inf;c 4, ;c 4, d(i, J).
(For a given F, G we take here the smallest possible sets A, and 4,.) Let 4,
be the cube with center at a point iel and a side of length r=2s, s N.
For a finite union of such disjoint cubes

r={{4,,k=1,.,1}teN

we write i€ I'if and only if 4, " and |I"] will denote the number of cubes
in I Let L,=[ 4;:i=(rky, rky), ky, kaeZ}.

We may and do assume that any element of %, is a subset of L,.

Let x? be a characteristic function of a subset: 4,<X,.,, Y, and
w° | 4,€ A; for some w®e Q. We write y,=1—y7 and

=11 as ar=11 wldisti ) =rsi, je ] (42)
iel” iel”
With the above notation we have
Proposition 2. Let 4&; be local attractive and Markov

specifications on (£, 2') given by (38) with [|¢| < co and range of ¢ equal
to r,<r. Let the following conditions be fulfilled

(i) Let ue G(&;) and for some w’e Q2

yu=lim E%
Ly

(i) There is §,>0, that if $> §, then
pyr<Cre 2 (43)

with C;, > 0 constants independent of f.

(iit) For we X, ., 4,=4 and A€ ¥,, the measures £ have uniform (in
volume and boundary conditions) cluster property, ie., for A,,
A,e &, with d(A4,, 4,) sufficiently big and any Fe <, , Ge o,

|EGAF, G) < [[Fll o Gl Coe™mP A5 (44)

where C,>0 is a constant independent of f. Assume furthermore
that

m(ﬁ)'ﬁ—_,j;’ 0
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Then we have
pneoG(&) nGMP

Proof. Without restriction of generality we can and do assume that
A,e &Z, are the squares with center at the point i =0 and side of length - r,
rzr, (r, is the range of interaction). Then 94¢ can be covered by 4n+ 4
disjoint cubes of side r. Let Fe .oy, A€ ¥. We have, for Ac Ae ¥

|EGY (F)— ESAF)|

= Y Mo rkr | ESY @(F)— ESUF)|

oA
Z( Y o+ X ) XS g rXr |EGY <" (F) — EGUF)| - (45)
e oA° I'e 04
IM< M) I =N

where the summation is going over all possible families I” consisting of
cubes, and N(A) is a natural number dependent on A, which will be chosen
suitably later on.

Let us first estimate the second sum on the right-hand side of (45).
Using (ii) we have

S e A |ESY O(F) — ESUAF)|

I=édd
|7l = N(A)
M M4
<20f. L mr<2ir. y (M) e
= o4¢ K=N(4)
[T = N(4)
where
1 :
M(4)= = 104 @)

P
Now, for any ¢ >0

L (k)= (v) 2 (") am

K=N K=0
<g” (%) (1+g)" " (48)

We want to choose N=[M/a]+1 (where [x] is the biggest integer less
than or equal to x) for some a> 1. In this case, remembering that M will
be arbitrarily large, we can use Stirling’s formula and get the estimate

( MM )<(a.6)M/aa(___:4T/_212 (49)
[ |+

a
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From that
q[M/a]+1 ( M (1+q)M~[M/a]—1
M
HH
a
o — fa q(a..q 1)a
<[g-ae- (1+¢g) "1™ v (50)
We see that if we choose a> 1 such that
gra-e(l+¢q) '<1 (51)

then the sum (48) will go to zero as M T co.
Because a< e’ ' for a>1, gae(1+q)* "' <q(1+q) '[e(l +¢)]% and
(51) will be fulfilled if we take

<ln(l +q)+ |ln g

In(1+4g)+1 (52)
We will simply choose
a=1lIng| (53)
because in our case g =e ~**/. Therefore
a=aff (54)
and
N(A)z[MiA)}ﬁ-l:[lfz;ll;‘}+l (55)

The second sum on the right-hand side of (45) will go to zero as AT L. Let
us now estimate the first sum on the right-hand side of (45) with N(A)
given by (55).

Let, for

<04, I*cadd (56)
I'* consisting of disjoint cubes 4 with sides of length r such that
V4 < I'*, a4, I <r (57)
Moreover, let us for w e 2 define w?e 4 by

o), = WV o,y WV w,|,e4;
4w, s, otherwise

822/43/3-4-20
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We have

E%‘[e—ﬁ[UA(w v @ gext) — Uglw? |4 x')]F( 9]

Eg < (F)=

E;):e—ﬂ[UA(w v @° |ge x) — Uglod |4 x-)]

Er;t):[efﬁ[UA(w v @ | ge x0 )~ Uylaw? |ACX')]’ F(. )]

— frof
= B+ e e e vty )
Using (iii) we have
|E![ePLOAt@ v o Liex) = Uat@ Liex)] F(-)]|
< sup (e~ FLValo v o ey — U L <)1)
w,0d,d
X |[F , Cpe=m® d1od) (60)

because the first function on the left-hand side of (60) is in 2, and Fe /3.
Because

sup |U@ v 0 | 4ex@,4) = Uglo” | 4x &)l <2 [4] 3711 (61)

w,w"‘,d)

where I" is the union of cubes 4, d4¢ in which w v w°® |, ¢ A,, we have
(using 59, 60, and 61)

|EGe " (F) = EZ(P)| < | B/ (F) — EE(F)| + ¢! 190 717
X || Fll o Coe P don (62)

Remembering that we have

8.4¢] . 84|
r 1 e <22
| |<[r2aﬁ + ie. | ap

we can estimate the second term in (62) by

HF|| - sze(48rl/rx)l\¢l\ a0,04%) o e*lﬂ(ﬁ) 4(0,84°) (63)
with a constant C, < oo (independent of ). Because by assumption (iii)
y p
m(B) =7 o
there exists §, such that

48r?
o

gl <m(p) (64)

VB> B,
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For such values of the inverse temperature § the sequence (63) goes to zero
as AL (through .%,).

We now prove that the first term on the right-hand side of (62) goes to
zero as A TL. In fact, we can prove more, namely, that for any 0?4, &% e 4
and Fel e o A,

[EG(F) = EG(F) — 0
Let {w*eA}I%\" be the sequence such that w*%=0"
AN = 4 and for any 1, 0+ ! differs from w?* exactly on the one
cube 4, and o™ <ot

We have

(134N /r2y — 1

[EG(F) - Eq(FI< % \EG " (F) — E40(F)) (65)

But

Ei)f"[e—ﬁ[UA(wA"“ Lae ) — Uglw | 4e x)1 F(+)]

Q,A‘wl _ (OAJ
Eq (F)=E5(F)+ Eo (o PR e Ua o) (66)
and using (iii)
Eﬁf"[e—ﬂ[UA(“““ e x) = Uslot e x)] | B(-)]
E (e BLUM@H g x) = Unt@h |gex)])
< o219l IFll., Cze—fﬂ(ﬁ) d(A,04) (67)
(where Fe oy, A &).
From (66) and (67) we obtain
|ESH(F) — ESUF)| < |[Fllo Cy [04°| e 40049 (68)

where C; 1s a constant independent of A.
If we go with 4 1L through %, the left-hand side of (68) goes to zero.
This ends the proof that

lim B9y @ =lim E<. = u (69)
A £,
because the set |} ;. & o7, determines .#.
The second case

lim pE4” @ =lim E% = u (70)
£,

0 o
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can be proved analogously, so from Proposition 1 we conclude that

p=1lim E¥ € 8G(&) n GMP
Ly

Remarks. We see that without the attractivity assumption on & the
conditions (i)—(iii) imply u e dG(&). Also, the formulation of Proposition 2
admits various modifications. In particular, let us note that the fact that [
is a lattice is completely nonessential. [J

3. Let ¥,=7Y,

o3

iell=27" be a finite set.

A configuration o € Q is called periodic if there exists ne N such that
Vxel: o, .=w,; icl.

For configurations «, @ € 2 we write =@ (a.s.) if and only if w,= @,
for almost all iel, ie., beyond a finite set of the lattice points.

We define, for w =& (a.s.) the relative Hamiltonian

H(w|®) :=1lim [U,(0) — U4(&)] (71)

where U ,(-) is defined in (38) in terms of a finite range potential ¢. We
assume that ¢ is periodic, i.e.

VxeZ! VXeZ o, )=dxw) (72)

where (v, );=0;,,, neN.
We say that a configuration w®e £ is the ground configuration for the
relative Hamiltonian H(- | ) if and only if

VoeQ w=w’(as)=>Hw|w’)=0 (73)

Let g(H) be the set of periodic ground configurations. Let us assume that
g(H) is a nonempty finite set. Let N, be the common period for the
Hamiltonian H (ie., for¢) and for all elements of g(H). Let r>
max(N,, r,), where r, is the range of ¢, and let 4} be the r cube, ie., the
cube with center in ie L and the side of length ». The boundary of con-
figuration w e Q is the set

0w := ) {470 | s # 0" | ¢, Vo e g(H)} (74)

iel

Peierl's condition. A Hamiltonian H fulfils Peierl’s condition if and
only if
de>0 Voo =w(as.) Hw|w?) =& |dw)| (75)

where w?eg(H).
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From the works of Refs. [5, 3, 7, 8] (see also Ref. 10) we have

Proposition 3. Let &; be given by (39) with a periodic potential ¢
for which the relative Hamiltonian H has a finite set g(H) of periodic
ground configurations. If H satisfies Peierl’s condition (75) then there is a
B,>0 such that for each > f, the measures

u :=li;n E“, wie g(H) (76)

exist. For these measures the condition (ii) of Proposition 2 is fulfilled with
some constants C, and o, and with

xdw)=1=0.4(w;) (77)

(le., for measure p? we take the sets A4,:={w? \A;})- Moreover, the
measures E% have the uniform cluster property (44) with

m(f)—— O

B — oo

Remark. 1t is known from above references that u?e dG(&;).

The above proposition gives us the following:

Corollary 1. Let &, fulfil all the conditions of Proposition 3 on a
two-dimensional lattice. If &; are attractive and Markov, then there is
f,>0 such that for each f>f,

17 e 0G(65) N GMP

{where p? are given by 76). [

The simplest example of a lattice model with attractive interaction
which possesses more than two extremal Gibbs measures and so has a non-
empty set of non-FKG-maximal Gibbs measures is Pott’s model. In this
model the single-spin state space Y, (ie L) consists of n= 3 points and the
interaction potential is given by

g [ ee L limfI=Tand X=1i 1)
o otherwise

It is known that at sufficiently low temperatures ' there exist in this
model at least »n extremal Gibbs measures.?

For other examples of lattice models with attractive interaction which
possess many phases.'®
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APPENDIX
The alternative version of Proposition 1.

Proposition A1. Let & be an attractive specification on a standard
Borel space (£2,2) with a partial (measurable, directed upward and
downward) order <.

Let for pe G(&) the following conditions hold: There exists w’ecQ
such that

(i) w=1lim E%
Lo
(i) lim pE%” “" = pu or lim pEg @' =y
%, Py

then
pedG(&)

and if & is Markov and both conditions in (ii) hold,
uwe GMP

Proof. (Extremality) We consider only the first case in (ii), since for
the second case the proofs are similar.
Let Fe.o/!, then

lim p |ESY ©°F — E% F| =lim p(E9Y ©°F — E%.F)
Lo Zo
=lim pE%Y *"F—lim E4F
£, L
=0 (A2)
Hence, since .« is determining class

lim E9.Y @ =y, p-a.e. (A2)
Z,

for a subsequence ¥, c %,.
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But now for any Fe.o/"

lim E<.Y “°(F) = lim E4.(F) (A3)
& "
for a subsequence ¥, < ¥/, and p-a.a., we Q2 (the limits on the right-hand

side of A3 exist from the martingale convergence theorem), so in particular
for Fe /", F>0 using (i) we obtain

u(F) = lim E4(F), u-a.e. (A4)
Y;
From that we conclude
U(F) =1lim E%.(F), u-a.e. (AS)
&z

0

and since o/T* (the set of nonnegative elements in /) is the determining
class for o/, we have

u=1lm E%., p-a.e. (A6)
<z,

which means®
wedG(&) 0

We now show that condition (23) can be fulfilled by FKG-maximal Gibbs
measures for & (compact).

Proposition A2. Under the conditions of Proposition 1, if & is
compact, then the FKG-maximal Gibbs measures x, fulfill the condition
(23). O

Proof. First let us assume that Q is compact and o * are its maximal
elements with respect to the order <. Then

iy =lim E®? (A7)

Let us consider only the case of the measure u, , since the second case is
similar. Because we have

ovotr=epT, woAot=w (A8)

Therefore, from (A7) the condition (23) is fulfilled.

Let us now consider the general case when @ = R* has no maximal
elements (with respect to <{). As previously, we also fix our attention on
the case of u, measure.
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Let @™ be an element of Q such that

lgpu+{weQ:VieA"w,—<wﬁ}= 1
(such element exists!). Since & is compact we have also
pt =lim E9’

%,

Denoting by x . the characteristic function of the set
{we:VieA w,<w]}
we have for any Fe .o/
prEGY N (F) = u T e EY(F) + (1N 740) ESY @7 (F)

Hence, using (A9) and (A10), we have

lim p " g =t

On the other hand

pEEGN O AF) = p Ty e EGLF) + 1" (\ g 40) ES0 27 (F)
=W (F)+ p* (1N ) LEGH ©7(F) — ES(F)]
Using (A9) we conclude

lim ,u+E(jch wt _ ﬂ+
‘Lﬁn

(We have used that <7 is determining the class for .#.) [
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